ABSTRACT
INTRODUCTION
Rigid multi-body systems with point contacts are used as models in various fields of robotics including object manipulation, fixturing and locomotion. The question of stability is a central issue in almost all applications. "Stability" is defined in various ways.
The classical notion of Lyapunov stability is widely used in all areas of robotics [1] .
Nevertheless assessing the Lyapunov stability of the equilibria of rigid bodies with unilateral contacts is extremely difficult due to their complex dynamic behavior when an equilibrium state is perturbed and contacts separate [2] [3] [4] [5] [6] . Jen et al. [7] examine the Lyapunov stability of grasps, however they assume idealized finger control, which always prevents contact separation.
The stability properties of static equilibria have been studied extensively in the context of robotic grasping. Good grasps are characterized by various desired properties [8] such as form closure and force closure [9, 10] , second-order immobility [11, 12] , and "strong stability" [13] . A large body of works has been devoted to clarifying the relation of these properties to each other and to the stability of a grasp. To avoid the difficulty of assessing Lyapunov stability, the following definition is commonly used to evaluate the stability of a grasp [14] : Definition 1: a configuration possesses static stability if it corresponds to a local minimum of the potential energy in configuration space.
For long time, research in robotic grasping was focusing on the problem of a single rigid body held by a gripper. The static stability of a rigid body with stiff, linear elastic contacts was analyzed by [14] [15] [16] . They found that the stability of many but not all grasps is influenced by the curvatures of the object and the gripper at the contact points. However, Theorem 4 of [16] is a sufficient condition of stability relying only on first-order kinematics, i.e. no curvature effects. What they show is that every object grasped by rigid fingers is stable if the arrangement of fingers ensures that any infinitesimal motion of the object would cause penetration into a finger, contact slip or contact separation. The present paper generalizes this result to multi-body systems and kinematic chains (rigid bodies connected by hinges). At the same time, the contact interactions are allowed to be nonlinear elastic or even visco-elastic. These extensions are motivated primarily by the growing interest in grasping non-rigid objects [17] [18] [19] and by the complex nature of real contact interactions [8, 20] . The stability condition in this paper is the first one for non-rigid objects, which is not dependent on the curvatures at the contact points. Rigid body dynamics subject to dry friction may exhibit "dynamic indeterminacy", i.e. distinct dynamic trajectories may depart from the same initial state [13, [21] [22] [23] [24] . Ambiguous equilibria are important examples of indeterminacy. In this case, the static equilibrium is a consistent solution of the equations of motion, but it coexists with consistent accelerating motion departing from the same immobile initial state ( Fig.   1 ). Ambiguity is an important phenomenon in robotics, because it often occurs if an object is grasped or if a robot moves over a complex terrain in the presence of friction [25] . An ambiguous grasp may even be force-closed (Fig. 1A) . Despite this fact, the presence of ambiguity is generally considered an indicator of instability [13] . This view is corroborated by the fact that ambiguous equilibria are always unstable in the sense of Lyapunov [3] . However, the stability theorem presented in this paper applies to ambiguous equilibria, i.e. from the point of view of static stability, they are equivalent to regular equilibria. Hence, this work presents the first demonstration of the fact that ambiguous equilibria typically resist small perturbations. This is closely related to recent results [5] on the stability of non-static solutions of a simple rigid body in the presence of dynamic indeterminacy.
In order to apply the notion of static stability, the system under investigation must have continuous potential energy functions associated with the contact forces and the external loads. Contact interactions between ideally rigid objects are characterized by discontinuous potentials therefore small deformations of the system are considered in this work (contact regularization). In addition, only conservative loads and elastic contact interactions induce potential energy functions, which is quite restrictive.
Nevertheless, it is possible and physically reasonable to use the same definition of stability in the case of forces, which can be decomposed to the sum of conservative components (forces with a potential) and dissipative components (i.e. forces which do not increase the total energy of the system). In order to cover a wide range of physical phenomena (most notably viscoelastic material response), contact forces and loads are allowed to have dissipative components. For the same reason, elastic contact forces may be nonlinear. The resulting contact model is more realistic than the linear spring models often used elsewhere.
The rest of the paper is organized as follows. The basic assumptions and the notations of the paper are introduced in Sec. 2. A model of nonlinear, viscoelastic, spatial or planar, frictional or frictionless contacts is presented in Sec. 3. The Taylor expansion of the potential energy reveals that there is a local energy minimum at the equilibrium configuration if the contacts are sufficiently stiff (Sec. 4). An application of the new theorem is outlined in Sec. 5, followed by a brief summary and discussion of other fields of application (Sec. 6). Finally, the paper includes an Appendix, where the physical significance of static stability is demonstrated: the dynamic analysis of stiff but compliant systems with static stability reveals that they resists small perturbations of the external loads; furthermore they do not become infinitely sensitive to perturbations if their stiffness is increased towards the ideally rigid limit.
NOTATIONS AND ASSUMPTIONS
Throughout the paper, scalars are typed in italic; bold lowercase letters denote (column)
vectors and bold uppercase letters are matrices. The symbol The results of the paper are applicable to (quasi-) rigid multibody systems under the following conditions.
(i) the system is initially in static equilibrium in configuration q=q0.
(ii) the contact normals are well-defined (for example vertex-vertex contacts are not allowed.
(iii) none of the frictional contacts is exactly at the verge of slipping in the static equilibrium state; and none of the frictionless ones is exactly at the verge of detachment (iv) the supports and the internal contacts of the system restrain its motion in such a way that any infinitesimal displacement of the system would cause penetration or separation at some contact; or contact slip at a frictional contact.
(v) the external loads are conservative or dissipative in the following sense:
there exists a potential energy function P (ext) (q) such that if the system moves from configuration q1 to q2, the work of the external forces is not bigger than
Condition (i) and (ii) are obviously necessary. If condition (iii) is not satisfied, the slightest perturbation may cause slipping or detachment, beyond which the methods used in the paper fail to describe the motion of the system. Condition (v) is important because a system subject to non-dissipative loads may gain energy by the work of external loads, which may sustain and magnify internal vibrations and destabilize the system. Condition (iv) can be visualized in the following way: if frictional contacts are replaced by hinges (to prevent slipping and separation) and frictionless ones by sliders (to prevent separation), then the system must become rigid (instead of being a mechanism). Due to the physical duality of forces and displacements, this is also equivalent to having a full-rank wrench matrix of constraining forces [16] . If condition (iv) is not satisfied, the stability of the system depends on the curvatures at the contacts as demonstrated by [16] for a single rigid body (Fig. 2) . Fig. 2 An unstable (left) and a stable (right) system violating condition (iv). Their stabilities are determined by the curvatures at the contact point. G is the center of gravity.
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COMPLIANT CONTACT MODEL AND RESCALED STATE VARIABLES
The deformations of a stiff body are usually concentrated around contact points. This fact inspires the following assumptions:
-the bodies are perfectly rigid -they are allowed to overlap in small regions around contact points -there are contact forces between overlapping bodies. The forces represent repulsion and friction and are determined by a contact law. The class of contact laws considered in the paper are discussed below.
-the contact law has a positive compliance parameter ε. Larger values of ε correspond to a softer contact. The limit ε→0 corresponds to a quasi-rigid system hence it is of special interest.
The required properties of the contact law are described below. First, the contact laws of stick interactions in three dimensions are presented. Next, the model is extended to planar and/or frictionless contacts. A full frictional contact model would also include slipping, this is however unnecessary for the purpose of the paper, as we are interested only in perturbations, which are small enough not to cause contact slip.
The two objects involved in a contact interaction are marked by lower indices 1 and 2. When they establish contact, the first points of overlap on their respective boundaries (P1 and P2) are marked as reference points. As the contact deforms, the two reference points (attached to the two objects) move away from each other, while the direction of the contact normal n may also change. It is not specified here how the contact normal of a compliant contact (with some overlap between the interacting rigid objects) should be defined. There are several appropriate definitions provided that the contact normal of the original rigid system is well-defined (condition (ii)).
Let 
POTENTIAL ENERGY OF THE COMPLIANT SYSTEM
The contacts are enumerated by trailing upper indices in parentheses. The contact deformation vector (frictional contact) or scalar (frictionless contact) of contact (i) is expanded into Taylor series in q at q=q0: 
Notice that condition (iv) of Sec. 2 is equivalent to the following property:
where n is the number of contacts and m is the degrees of freedom of the system.
If the contacts are made stiff but compliant, the balancing contact forces induce O(ε) contact deformations. Hence, q=q0 ceases to be equilibrium. Instead, the equilibrium configuration
The rescaled variables r ∆ and Ũ have been introduced in Sec. 2. Next we define the rescaled generalized coordinates
The rescaled generalized coordinates of the equilibrium configuration are
Now, q and
are replaced by q and ) ( i r ∆ and first-and higher order terms in ε are neglected:
We can now express the elastic energy of contact (i) in terms of q :
Similarly, the potential energy of the external loads is expanded into Taylor series; q is replaced by q ; and higher-order terms in ε are discarded: The total potential energy P of the system is the sum of P (ext) and U (i) for all i. We introduce the scaled potential energy function P P 1 − = ε to account for the fact that the energy stored in stiff elastic contacts is O(ε). P is expressed in terms of q : (10) We aim to study the local shape of the potential landscape P around the equilibrium configuration e q= , where the argument of (8) is close to e R) ( 1 i . The Taylor expansion of the function ) ( i U at this point, up to second order is:
where .
Combining (10) with (11) yields
e q e q R U e q R e q R u q p T 1 (12) Ordering the right-hand side by powers of ) ( e q − and eliminating constant terms, which have no physical significance, lead to
e q e q R U R e q e q R u p T 1 (13) The linear term vanishes because e q= corresponds to equilibrium. The n summed quadratic forms in (13) are nonnegative for every i because the Hessian matrix For deformable systems (finite ε), the local minimum can be reshaped by geometric nonlinearity (i.e. the nonlinear terms in (7)). However this factor is negligible in the quasi-rigid limit. Simple examples of the destabilizing effect of geometric nonlinearity include -the 'coin-snap problem' [26] : a grasp on a rigid object may become unstable if the object is pressed too hard and the fingers are compliant -buckling [27] : the straight configuration of a column built of stone blocks under a compressive force is unstable if the building blocks are not perfectly rigid, the column is slender and it is under strong compression (resulting in strong geometric nonlinearity). This section is finished by the numerical analysis of a simple problem illustrating the stability of systems in the quasi-rigid limit. A model of a planar biped standing on a stair (Fig. 3A) is investigated. The system consists of two legs connected by a hinge. The legs of the robot are allowed to cross the support surface. For simplicity, it is assumed that the hinge has unit weight and the weights of the legs are negligible. The only external forces acting at the robot are its weight and the support reactions. It is assumed that the contacts are elastic with a quadratic potential ε -1 |Δr (i) | 2 /2 where Δr (i) is the contact deformation vector of contact (i) introduced in Sec. 3. The initial configuration of the robot with zero contact deformations is plotted in solid line in Fig. 3A . The shape of the robot is parametrized by the leg lengths l1, l2 and the angles α10, α20 of the legs in the initial configuration. We also introduce a Cartesian coordinate system with its origin at the hinge of the robot in the initial configuration. Fig. 3C exhibits two quasi-rigid equilibrium configurations, one of which happens to be ambiguous. In accordance with the main result of the paper, the segments of the equilibrium paths adjacent to the quasi-rigid equilibrium configurations are always stable.
APPLICATION: STATIC INDETERMINACY, AND OPTIMAL CONTACT FORCES
To assess the stability of a passive, uncontrolled system, one needs to know the contact forces because of condition (iii). This is usually easy if the number of independent constraints equals the degrees of freedom of the system (statically determinate systems, Fig. 1B,D) . For example, the object in Fig. 1D consists of one rigid element, i.e.
the DOF is 3. One freely rotating wheel and one blocked wheel provide 1+2=3 reaction forces, which are determined uniquely by 3 independent equilibrium equations. Finding contact forces is problematic if the number of constraints is higher than the DOF (static indeterminacy) [28, 29] (15) [ ]
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is square matrix and its determinant is l1l2sin(α2-α1). Eq. (4) is satisfied unless α1-α2 is an integer multiple of π, i.e. unless the center of mass lies on the line through the two supports (dotted line in Fig. 4B ).
To examine conditions (i) and (iii), the support reactions have to be determined using the equations of equilibrium of the system (details omitted). If T=0, the equations dictate the following support reactions: with sufficient friction, the robot is in equilibrium if the hinge is in a range marked by '1' or '4' in Fig. 4B . Nevertheless the robot may also topple if the hinge is in range '4', hence such configurations are ambiguous equilibria. In ranges '2' or '3', the robot must topple as the equilibrium equations dictate tensile support reactions, which is impossible. By applying an appropriate torque in the hinge, these configurations can be turned into equilibria, provided that there is sufficient friction at the support point (Fig. 4A) . Assuming Coulomb friction, the minimum of the friction coefficient necessary to balance the object depends on the position of the hinge and the applied internal torque. For every configuration, there is an 'optimal' torque, minimizing the required friction coefficient.
These torques and the corresponding thresholds of the friction coefficient are shown in Fig. 5 . Specifically, the minimum of the friction coefficient is 0 in ranges '1' and '2'.
However a friction coefficient above 0.5 is necessary to move the robot into ranges '3' and '4'. The maximum overhang of the center of mass is limited by the actual value of the friction coefficient. 
CONCLUSIONS
Using a general class of deformable contact models, it has been demonstrated that the frictional equilibria of a wide class of systems of rigid bodies are local minima of their potential energy. This result applies to regular as well as to ambiguous equilibria.
From the definition of static stability it is not immediately obvious how relevant it is in a dynamical systems perspective. Clearly, static stability is weaker than Lyapunovstability, i.e. it allows divergence from the equilibrium in response to small impacts and initial displacements. With other words, dynamic vibrations in the environment are not allowed as perturbations. Nevertheless, many robotic systems operate in environments, which are practically vibration-free, this is why static stability has been successfully applied in the context of grasping, and it is useful in quasi-static locomotion. What it does guarantee is that the system remains stable in response to small variations of the external loads (see Appendix).
Rigid systems are infinitely sensitive to positioning errors, and because of this, the stability theorem should be interpreted carefully. If one moves a system into an equilibrium configuration, it will not necessarily stay immobile. For example, the brick of deformations), which is invisible to an external observer. Specifically, it does not stay immobile unless it is squeezed between the walls appropriately. At the same time, the theorem does predict that a system, which has been in the equilibrium state for some time, will stay there even if its external loads are slightly changed.
In addition to possible applications in robotics and manufacturing, the result of this paper offer new insights on the mechanics of masonry structures. The safety of these structures is often analyzed with the aid of the safe theorem of plastic limit analysis [30, 31] . Nevertheless, since masonry structures are collections of discrete, quasi-rigid elements rather than plastic continua, this approach leads to controversial results [32, 33] . The approach of this paper can be interpreted as a new safe theorem, which captures the discrete nature of masonry structures. and Hessian of Ũ at a specific point.
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APPENDIX: THE LOCAL DYNAMICS OF A SYSTEM WITH STATIC STABILITY
This appendix shows that the local minimum of the potential energy implies stability against small variations of the loads, as long as the external loads and the contact dynamics are conservative or dissipative. Perturbations are small in the following sense:
Definition 2: the norm of a system of conservative or dissipative external forces (in the sense of condition (v) of Sec. 2) is the supremum of ) ( grad q P where P(q) is the corresponding potential over the configuration space.
The exact statement and its proof are given below.
Theorem 1: if a system of rigid bodies is in equilibrium and conditions (i)-(v) are satisfied, then for any scalar δ there is another scalar φ such that after any instantaneous variation of the external loads of norm not exceeding φ, the configuration q(t) of the system satisfies ||q(t)-q0||<δ for all t.
Before presenting the proof, the following notations are introduced: let E and
denote the unscaled and scaled kinetic energies of the system; let M be the 'characteristic mass' of the system such that the kinetic energy of the system is A perturbation of the external loads corresponds to a small perturbation 1 p of 1 p in (13) . If the norm of the perturbation is smaller than δ1/δ, then by definition,
Hence, P remains positive everywhere on Λ, i.e. the ball Λ is an unreachable energy barrier for the perturbed system (as long as the contacts remain in stick state). If the norm of the perturbation is also smaller than mδ1 2 /δ, then the lowest value of P within Λ is not less than -mδ1 2 , i.e. the rescaled kinetic energy Ẽ of the system moving inside Λ may not exceed mδ1 2 ; and thus (17) is satisfied.
In summary, we have found, that for perturbations of norm smaller than min[ δ1/δ, mδ1 2 /δ] , the system stays within distance δ to its initial configuration, and all contacts remain in stick mode. Hence the system possesses local, static stability.
• The threshold found above is independent of ε, i.e. the sensitivity of the system to perturbations does not blow up in the limit ε→0. In contrast, stability against dynamic perturbations does vanish in the quasi-rigid limit. Dynamic perturbations may increase the total energy of the system by a small amount (by adding some initial velocity or displacement). At the same time a given variation of the energy corresponds to increasingly large variation of the rescaled potential energy P as ε goes to zero.
Hence, the conclusions of this work are consistent with the previously demonstrated instability of certain equilibria in the sense of Lyapunov. 
